The detailed investigation of the Higgs sector at present and future colliders necessitates from the theory side as precise predictions as possible, including higher order corrections. An important ingredient for the computation of higher order corrections is the renormalization of the model parameters and fields. In this paper we complete the renormalization of the 2-Higgs-Doublet Model (2HDM) Higgs sector launched in a previous contribution with the investigation of the renormalization of the mixing angles α and β. Here, we treat the renormalization of the mass parameter m 2 12 that softly breaks the Z 2 symmetry of the 2HDM Higgs sector. We investigate the impact of two different renormalization schemes on the sample Higgs-to-Higgs decay H → hh. This decay also allows us to analyze the renormalization of the mixing angles and to confirm the properties extracted before in other Higgs decays. In conclusion we find that a gauge-independent, process-independent and numerically stable renormalization of the 2HDM Higgs sector is given by the application of the tadpole-pinched scheme for the mixing angles α and β and by the use of the MS scheme for m 2
Introduction
The experimental data [1] [2] [3] [4] on the properties of the Higgs boson discovered in 2012 by the LHC experiments ATLAS [5] and CMS [6] are compatible with a Standard Model (SM)-like Higgs boson. Still they leave room for interpretations in models beyond the SM (BSM). Theoretical and experimental considerations lead to the conclusion that the SM cannot be the ultimate theory of nature. In view of no direct discovery of BSM manifestations in form of new particles so far, we are bound to study the Higgs sector in great detail in order to gain insights in possibly existing new physics (NP). Among the plethora of BSM extensions of the Higgs sector, 2-HiggsDoublet Models (2HDM) [7] [8] [9] play an important role. They feature five physical Higgs bosons, two CP-even ones h and H, a CP-odd scalar A and two charged Higgs bosons H ± . The couplings of these Higgs bosons to SM particles are modified by two mixing angles, the angle α arising from the diagonalization of the CP-even Higgs mass matrix, and β originating from the CP-odd and charged Higgs sectors. Together with singlet models, 2HDMs form the simplest SM extensions that are compatible with theoretical and experimental constraints [10] [11] [12] [13] [14] . Additionally, the Higgs sector of the Minimal Supersymmetric Extension of the SM (MSSM) [7, [15] [16] [17] represents a special case of the 2HDM type II. This allows to map insights gained in investigations of the 2HDM onto the MSSM and to compare effects that are possible in the less restricted 2HDM to the situation in the more restrained supersymmetric Higgs sector. The comparison of different models and, ultimately, the identification of the underlying theory requires experimental data at highest precision. Besides excellent experimental analysis techniques and the accumulation of a large amount of data at sufficiently high energy, this necessitates from the theory side precise predictions on observables and parameters, including higher order corrections. In a previous paper [18] we have provided an important basis for the computation of higher order (HO) corrections in the 2HDM by working out a manifestly gauge-independent renormalization of the two 2HDM mixing angles α and β, which is additionally process independent and numerically stable. 1 The mixing angles play an important role for phenomenology, and we have investigated our renormalization scheme in the sample decays of the charged Higgs boson into a W boson and a CP-even scalar, H ± → W ± h/H, and of the heavy CP-even Higgs decay into a pair of Z bosons, H → ZZ.
In this paper we complete our renormalization of the 2HDM Higgs sector by computing the next-to-leading order (NLO) corrections to Higgs-to-Higgs decays. The investigation of these decays is of particular phenomenological interest. Not only they are a clear manifestation of an extended Higgs sector, they also give access to the trilinear Higgs self-couplings. The determination of these self-interactions constitutes a first important step towards the reconstruction of the Higgs potential [20] [21] [22] , which is the final missing piece in the experimental verification of the Higgs mechanism. Higgs-to-Higgs decays can also be exploited for the discovery of non-SM Higgs bosons through cascade decays that are not accessible directly (see e.g. [23] [24] [25] [26] [27] [28] [29] ). Interestingly, they can also be used to distinguish between different models [30] . It might even be that we see NP in Higgs pair production before anywhere else, i.e. in particular for Higgs couplings of the 125 GeV resonance which are SM-like [31] .
Compared to the NLO computation of the Higgs decays presented in [18] , the HO corrections to Higgs-to-Higgs decays require in addition the renormalization of the mass parameter m 2 12 of the Higgs potential. This parameter softly breaks the discrete Z 2 symmetry, imposed to avoid tree-level flavour changing neutral currents (FCNC). We suggest different renormalization 1 Recently, in [19] an MS scheme was proposed for α and β.
schemes for m 2 12 and investigate their numerical stability with respect to typical sizes of higher order corrections encountered in 2HDM Higgs-to-Higgs decays. The sample decay chosen in our analysis additionally allows us to study the numerical stability of the angular renormalization schemes proposed in [18] in a process which shows in the Higgs self-coupling a much more involved dependence on the mixing angles than the previously studied decays. In order to do so we identify the 2HDM parameter regions that lead to parametrically enhanced loop corrections due to non-decoupling effects. Subsequently, we analyze the loop corrections with respect to numerical stability in the decoupling regime where the heavy Higgs masses are due to a large mass scale independently of the Higgs self-couplings.
The paper is organized as follows. In section 2 we briefly introduce our model and set the notation. In the following section 3 we shortly review our renormalization conditions of [18] , also needed here, and introduce the additionally required renormalization of m 2 12 entering the loop-corrected Higgs-to-Higgs decays. In section 4 we describe the calculation of the electroweak one-loop correction to the sample decay H → hh. The numerical analysis is presented in section 5 in which we investigate our proposed renormalization procedures with respect to gauge independence, process independence and numerical stability. Our conclusions are given in section 6.
Description of the Model
Our work is performed within the framework of a general 2HDM with a global softly broken discrete Z 2 symmetry. For the kinetic term of the two SU (2) L Higgs doublets Φ 1 and Φ 2 we introduce the covariant derivative
where τ a denote the Pauli matrices, W a µ and B µ the SU (2) L and U (1) Y gauge bosons, respectively, and g and g the corresponding gauge couplings. The Higgs sector is described by the kinetic Lagrangian
and the scalar potential, which can be cast into the form
3)
The absence of FCNCs at tree level is ensured by imposing the discrete Z 2 symmetry under which the doublets transform as Φ 1 → −Φ 1 and Φ 2 → Φ 2 . We assume CP conservation so that the 2HDM potential depends on eight real parameters, three mass parameters, m 11 , m 22 and m 12 , and five coupling parameters λ 1 -λ 5 . As can be inferred from the potential, a non-zero value of m 2 12 softly breaks the discrete Z 2 symmetry. The two doublet fields Φ 1 and Φ 2 can be expressed in terms of charged complex fields φ + i and real neutral CP-even and CP-odd fields ρ i and η i (i = 1, 2), respectively. By expanding the two Higgs doublets about their vacuum expectation values (VEVs), developed after electroweak symmetry breaking (EWSB), which are real in the CP-conserving case,
the mass matrices can be derived from the terms bilinear in the Higgs fields in the Higgs potential. Under the assumption of charge and CP conservation they decompose into 2 × 2 matrices M S , M P and M C for the neutral CP-even, neutral CP-odd and charged Higgs sectors. For the two Higgs doublets Φ i to take their minimum at Φ i ≡ v i the minimum conditions 5) have to be fulfilled. This is equivalent to the requirement of the two terms linear in ρ 1 and ρ 2 to vanish, i.e.
The tadpole conditions can be exploited to replace m 2 11 and m 2 22 by the tadpole parameters T 1 and T 2 . This yields the following explicit form of the mass matrices
where we introduced the abbreviation
In Eqs. (2.8)-(2.10) we explicitly kept the tadpole parameters T 1 and T 2 , which vanish at tree level, in order to ensure the correct treatment of the minimum conditions beyond leading order (LO). The diagonal mass matrices of the physical states can be obtained by performing the following orthogonal transformations
12) 14) which lead to the physical Higgs states, a neutral light CP-even, h, a neutral heavy CP-even, H, a neutral CP-odd, A, and two charged Higgs bosons, H ± . The also obtained massless pseudoNambu-Goldstone bosons G ± and G 0 form the longitudinal components of the massive gauge bosons, the charged W ± and the Z boson, respectively. In terms of the mixing angles ϑ = α and β, respectively, the rotation matrices read
The mixing angle β can be expressed through the ratio of the two VEVs, 16) with the phenomenological constraint
The mixing angle α on the other hand can be parametrized in terms of the entries (M S ) ij (i, j = 1, 2) of the CP-even scalar mass matrix as
Introducing the abbreviation
and the short-hand notation s x ≡ sin x etc., we have [32] 
.
(2.19)
After diagonalization the physical masses are given by
Note, in particular, that the masses of the heavier Higgs bosons, φ heavy = H, A and H ± , take the form [32] 23) where f (λ i ) denotes a linear combination of λ 1 − λ 5 . The coefficient c φ heavy is given by
There are two interesting limits that will play an important role in the relative size of the NLO corrections. For c 2 φ heavy M 2 f (λ i ) v 2 we are in the decoupling limit. In the opposite case, if M 2 < ∼ f (λ i ) v 2 and the Higgs boson masses are large, we are in the strong coupling regime, as we then need the coupling strengths to be significant. Both regimes will be investigated in detail in the numerical analysis.
For the parametrization of the Higgs potential V there are various possibilities to choose the set of independent parameters. Our guideline is given by the wish to relate the parameters to as many physical quantities as possible. Thus we express the VEV v in terms of the physical gauge boson masses M W and M Z and the electric charge e, and replace m 2 11 and m 2 22 by the tadpole parameters T 1 and T 2 . Later, we will also choose the renormalization through Higgs decays. For this we need the fermion masses m f . Our set of independent parameters is then given by the Higgs boson masses, the tadpole parameters, the two mixing angles, the soft breaking parameter, the massive gauge boson masses, the electric charge and the fermion masses:
Renormalization
The one-loop computation of our sample Higgs-to-Higgs decay process
encounters ultraviolet (UV) divergences. These are cancelled by the renormalization of the parameters and wave functions involved in the process. In particular, the process requires the renormalization of the gauge sector and the Higgs sector of the 2HDM. In [18] we proposed several renormalization schemes for the mixing angles α and β, among these also the process-dependent renormalization through the decays H → τ τ and A → τ τ . These processes additionally require the renormalization of the fermion sector. Here, we first briefly repeat the basic features of our chosen renormalization conditions that have been described in [18] , with emphasis on the renormalization of the mixing angles. For further details, we refer the reader to [18] . We then present the renormalization of the soft breaking parameter m 2 12 , which is required in the loopcorrected Higgs-to-Higgs decays.
For the renormalization, the bare parameters p 0 involved in the process have to be replaced by the renormalized ones, p, and the corresponding counterterms δp,
Additionally the fields Ψ are renormalized by their field renormalization constants δZ Ψ as
where Ψ generically stands for scalar, vector and fermion fields. Note, that Z Ψ is a matrix in case of mixing fields. All Higgs bosons, gauge bosons and fermions are renormalized on-shell (OS). The electric charge, which enters the weak gauge couplings, is defined to be the full electronpositron photon coupling for OS particles in the Thomson limit. Note, that we will use the fine-structure constant at the Z boson mass, α(M 2 Z ), as input in order to avoid large logarithms due to light fermions f = t. The renormalization conditions for the tadpoles are chosen such that the correct vacuum is reproduced at one-loop order which implies
where the T i stand for the contributions from the genuine Higgs boson tadpole graphs in the gauge basis.
Renormalization of the Mixing Angles
In [18] we discussed in great detail the renormalization of the mixing angles α and β. In particular, schemes used in the literature before were shown to lead to gauge-dependent decay amplitudes. This is based on the fact that the standard treatment of the tadpoles, the standard tadpole scheme, leads to gauge-dependent counterterms for the masses and mixing angles. In particular, a gauge-independent decay amplitude can then only be obtained through a physical, e.g. a process-dependent, definition of the angular counterterms. In the standard tadpole scheme the correct vacuum at higher orders is given by the VEV 2 that is derived from the gaugedependent loop-corrected Higgs potential, and is therefore also gauge dependent. Consequently, all bare quantities and counterterms given in terms of the VEV become gauge dependent as well.
In the alternative tadpole scheme [33] , the bare quantities are not gauge dependent, as they are expressed in terms of the tree-level VEV, which is gauge independent. The correct minimum at higher orders is reproduced by shifting the VEV. The shift affects the counterterms but not the bare quantities. With the exception of the wave function renormalization constants, the counterterms are gauge independent in the alternative tadpole scheme. In practice the change from the standard to the alternative tadpole scheme, also referred to as standard and tadpole scheme, respectively, requires the following modifications:
• Self-energies: The self-energies in the wave function renormalization constants and counterterms have to be changed to contain additional tadpole contributions:
• Tadpole counterterms: In turn, the tadpole counterterms do not appear any more in the scalar sector: δT φ i φ j → 0.
• Vertex corrections: In the virtual corrections additional tadpole contributions have be taken into account if the extension of the corresponding coupling by an external CP-even Higgs boson h, H, which carries the tadpole, exists.
For all details, we refer the reader to Appendix A of [18] .
In [18] the tadpole-pinched scheme was introduced as a manifestly gauge-independent renormalization scheme for the angular counterterms. It relies on the use of the alternative tadpole scheme together with the modified Higgs self-energies defined by means of the pinch technique [34] [35] [36] [37] [38] [39] [40] . 3 The angular counterterms are obtained in terms of the pinched self-energies Σ(p 2 ), where p 2 denotes the four-momenta squared at which they are evaluated. Note that they have to be evaluated in the tadpole scheme and can be related to the tadpole self-energies in the Feynman gauge through
Here ξ represents the gauge fixing parameters ξ Z , ξ W and ξ γ of the R ξ gauge. For the renormalization of the mixing angle β the pseudoscalar or the charged sector can be used, leading to different counterterm definitions. We will use two different definitions, specified below. We will furthermore apply two different tadpole-pinched schemes which differ by their choice of the renormalization scale:
On-shell tadpole-pinched scheme: The renormalization scale is chosen to be the on-shell scale in the appearing self-energies. Applying [56] , the angular counterterms are given by
The additional contributions read (see also [56] for the CP-even case in the MSSM),
where B 0 is the scalar two-point function [57, 58] and c W refers to the cosine of the Weinberg angle θ W .
p tadpole-pinched scheme: In this scheme the self-energies are evaluated at the average of the particle momenta squared [56] , 12) with (φ 1 , φ 2 ) = (H, h), (G ± , H ± ) and (G 0 , A), respectively. The additional contributions then obviously vanish and the angular counterterms simplify to
Process-dependent renormalization: We also apply a process-dependent renormalization of the mixing angles. The angular counterterm δβ is obtained from the requirement that the loop-corrected Higgs decay A → τ τ including only the weak corrections is equal to the LO width 4 ,
The counterterm δα is obtained by applying the same condition, but on the H → τ τ decay,
The process-dependent renormalization leads to gauge-dependent angular counterterms if the standard tadpole scheme is applied. The angular counterterms are manifestly gauge independent, on the other hand, in case the alternative tadpole scheme is used.
Renormalization of m 2 12
For the renormalization of the soft Z 2 breaking parameter m 2 12 the bare parameter is replaced by the renormalized one and its counterterm, (3.18)
We will apply two different renormalization schemes.
Modified Minimal Subtraction Scheme: In the modified minimal subtraction (MS) scheme 5 the counterterm δm 2 12 is chosen such that it cancels all residual terms of the amplitude, which are proportional to
where γ E denotes the Euler-Mascheroni constant. These terms obviously contain the remaining UV divergences given as poles in plus additional finite constants that appear universally in all loop integrals [61] . The renormalization of δm 2 12 in this scheme is hence given by 20) where the right-hand side of the equation symbolically denotes all terms proportional to ∆ that are necessary to cancel the ∆ dependence of the remainder of the amplitude.
Process-dependent renormalization:
A more physical definition of the counterterm is provided by the renormalization through a physical process. As m 2 12 only appears in the couplings between Higgs bosons, the simplest processes that can be chosen to fix the counterterm are given by the on-shell decays
4 See [59] , for a discussion on the renormalization of tan β within the MSSM and the application of the processdependent scheme. 5 We did not apply the MS scheme to the renormalization of the mixing angles, as it leads to one-loop corrections of the decay widths that are orders of magnitude larger than in the other schemes. This was checked in [60] for a large set of allowed 2HDM scenarios. The reason is that in general the wave function renormalization constants introduce large finite contributions to the one-loop amplitudes, which need to be cancelled by the finite parts of the angular counterterms, a cancellation that does not take place any more in the MS scheme.
As the scalar h is identified with the 125 GeV Higgs boson the decay h → H + H − is kinematically not possible, since we restrict the charged Higgs mass to m H ± > m h , see e.g. [62] for a type II 2HDM. 6 We will compute the loop corrections to the decay H → hh in order to study the impact of the various renormalization schemes, so that this process cannot be used for the determination of δm 2 12 . With H ± masses above 480 GeV in the type II 2HDM [62] , which we will choose for the numerical analysis, the decay H → H + H − would require very heavy H bosons, so that we do not consider this process either. The OS process h → AA is kinematically very restricted as it requires pseudoscalars A with masses below 125 GeV/2 that additionally have escaped detection at collider experiments so far. Although such scenarios are possible in principle, they are very rare, and the measurement of the decay is challenging. This leaves us with the process H → AA as the least restrictive one to fix the counterterm of δm 2 12 . Note, that δm 2 12 in both schemes is gauge independent irrespective of the chosen tadpole scheme. Being a parameter of the original 2HDM Higgs potential before EWSB, it is not related to the VEV and hence cannot encounter any gauge dependences arising from the treatment of the VEV at higher orders.
Decay Widths at Electroweak One-Loop Order
We will present here the details for the computation of the electroweak one-loop corrections to the Higgs-to-Higgs decay widths
The first process will be used to study numerically the impact of the various renormalization schemes that we propose on the NLO corrections. The second process serves for a processdependent definition of the counterterm δm 2 12 .
Electroweak One-Loop Corrections to H → hh
The heavy Higgs decay into a pair of SM-like Higgs bosons, 27) depends through the trilinear Higgs self-coupling
not only on the mixing angles α and β but also on m 2 12 . The LO decay width is given by
where G F denotes the Fermi constant. The NLO decay width can be written as the sum of the LO width and the one-loop corrected decay width Γ (1) ,
Generic diagrams contributing to the vertex corrections in H → hh with fermions F , scalar bosons S, ghosts U and gauge bosons V in the loops.
The one-loop correction Γ (1) is obtained from the interference of the LO decay amplitude with the one at NLO. The contributions to the NLO decay amplitude are given by the virtual corrections and the counterterm diagrams. The virtual corrections consist of the pure vertex corrections, shown in Fig. 1 , and the corrections to the external legs. The vertex corrections comprise the oneparticle irreducible (1PI) diagrams given by the triangle diagrams with fermions, scalars, ghosts and gauge bosons in the loops and the diagrams involving four-particle vertices. The external leg corrections consist of off-diagonal and diagonal field mixing contributions hH, Hh, HH and hh, which all vanish due to the OS renormalization conditions of the external fields. The counterterm diagrams are shown in Fig. 2 . They are given by all possible counterterm insertions on the external legs and the genuine vertex counterterm. For the correct derivation of the symmetry factors associated with the various counterterm contributions we start from the bare Lagrangian describing the involved trilinear Higgs self-interactions. In terms of the coupling factors
and g Hhh defined in Eq. (4.28) it reads
where h 0 and H 0 denote the bare fields. At NLO we obtain in terms of the renormalized fields h and H,
where the δZ's denote the wave function renormalization constants. The Feynman rule λ Hhh
CT,WR
for this counterterm contribution from the wave function renormalization is derived by applying the functional derivatives with respect to the external renormalized fields,
Adding the genuine vertex counterterm δ(g · g Hhh ) we have for the counterterm amplitude
The genuine vertex counterterm at NLO is given by The NLO corrections factorize from the LO amplitude so that the one-loop corrected decay width can be cast into the form 38) with ∆ ct Hhh given by
The expression ∆ virt Hhh is quite lengthy so that we do not display it explicitly here. In case the alternative tadpole scheme is applied, additional diagrams have to be included in the virtual corrections. They are depicted in Fig. 3 and involve quartic Higgs self-couplings where the additionally attached Higgs to the original trilinear vertex is connected to a tadpole diagram. The inclusion of these additional diagrams in combination with the change of the mass, angular and wave function counterterms in the alternative tadpole scheme leaves the overall NLO decay width invariant, provided the angular counterterms are defined in a process dependent scheme.
Electroweak One-Loop Corrections to H → AA
We use the decay of the heavy scalar H into a pair of pseudoscalars A,
for a process-dependent renormalization of m 2 12 . The leading order decay width depends through the trilinear coupling
besides on the mixing angles α and β in particular on m 2 12 . The LO decay width is given by
The electroweak (EW) one-loop corrections consist of the virtual corrections and the counterterm contributions which guarantee the UV-finiteness of the decay amplitude. The virtual corrections, which comprise the corrections to the external legs and the pure vertex corrections, are depicted in Fig. 4 . The corrections to the external legs in Fig. 4 (b) , (c) and (d) vanish because of the OS renormalization of the external fields. Diagrams (e) and (f) are zero due to a Slavnov-Taylor identity [63] . The 1PI diagrams of the vertex corrections are displayed in Fig. 5 . They consist of the 1PI diagrams given by the triangle diagrams with fermions, scalars and gauge bosons in the loops and by the diagrams containing four-particle vertices. The counterterm contributions are given by the genuine vertex counterterm and by the counterterm insertions on the external legs, cf. Fig. 6 . For the derivation of the latter we start from the bare Lagrangian involving the relevant trilinear Higgs self-couplings. With the coupling factors
and g HAA defined in Eq. (4.41) it reads in terms of the bare fields denoted by the subscript 0,
Replacing the bare fields by their renormalized ones and the corresponding wave function renormalization constants, the NLO expansion of the Lagrangian reads
The Feynman rule λ HAA CT,WR for the counterterm contribution from the wave function renormalization is obtained by performing the functional derivatives with respect to the external renormalized fields, Together with the genuine vertex counterterm δ(g · g HAA )
we obtain for the counterterm amplitude With the LO amplitude M LO HAA we then obtain the NLO partial decay width as
The counterterm δm 2 12 is fixed by the process-dependent renormalization condition The additional diagrams that must be taken into account when the alternative tadpole scheme is a applied are displayed in Fig. 7 . Note that the overall NLO amplitude is invariant under a change of the tadpole schemes, provided the angular counterterms are determined in a process-dependent way.
Gauge (In)dependence of the NLO amplitude
As the expressions for the vertex corrections and counterterms are quite involved we limit our discussion here to a qualitative level. The quantitative corroboration of our statements will be presented in the numerical analysis.
In case the standard tadpole scheme is applied the computation of the NLO decay amplitude in the general R ξ gauge reveals that the residual amplitude M with the counterterms δp ≡ δα , δβ and δm This divergence can only be cancelled by the angular counterterms, so that in this scheme they necessarily have to be gauge dependent. Renormalizing α and β through the process-dependent scheme cancels all UV-divergent gauge-dependent parts. The remaining UV-divergent gaugeindependent terms are then cancelled by δm 2 12 . It can be defined either via an MS condition or through the process H → AA. The overall NLO amplitude will finally be gauge independent as it should be.
Applying the alternative tadpole scheme instead leads to the cancellation of the UV-divergent gauge-dependent parts within the residual amplitude, i.e.
Alternative tadpole scheme:
The angular counterterms in turn can then be defined gauge-independently. The unambiguous gauge-independent definition of the angular counterterms is achieved through the pinched scheme or the definition via a physical process. The counterterm for m 2 12 is gauge-independent irrespective of the tadpole scheme and can be renormalized in the MS or the process-dependent scheme.
We can summarize that a gauge-independent decay amplitude 7 for the process H → hh is achieved by applying the following renormalization schemes for the angular counterterms: tadpole treatment δα, δβ gauge dependence δα, δβ standard tadpole scheme process dependent gauge dependent alternative tadpole scheme pinched scheme gauge independent process dependent Throughout the calculation we employ the alternative tadpole scheme. This guarantees the manifestly gauge-independent renormalization of the counterterms. It is furthermore indispensable for a gauge-independent decay amplitude if the angular counterterms are not obtained via a physical process.
Concerning a scheme with process-dependent counterterm definitions, note, that the results for the NLO decay widths are the same in the standard and in the alternative tadpole scheme. A change of the tadpole scheme leaves the total NLO amplitude invariant, it only moves around the gauge dependencies between the various building blocks, so that in the alternative tadpole scheme the counterterms become gauge independent.
Numerical analysis
The NLO EW corrections to the Higgs decay width H → hh have been performed in two independent calculations and all results have been cross-checked against each other. They agree within numerical errors. The two computations use the Mathematica package FeynArts 3.9 and 3.7 [64, 65] , respectively, for the generation of the LO and NLO amplitudes in the general R ξ gauge. For this, the model file for the CP-conserving 2HDM was used, which is already implemented in the package 8 . The additionally needed tadpole and self-energy amplitudes for the definition of the counterterms and wave function renormalization constants have been generated in the general R ξ gauge. For the contraction of the Dirac matrices and the expression 7 We remind the reader that the schemes previously proposed in the literature, relying on the application of the standard tadpole scheme and a definition of the angular counterterms through off-diagonal wave function renormalization constants, lead to a manifestly gauge-dependent decay amplitude. 8 Note that the parametrization of the 2HDM potential implemented in the FeynArts model file is different from the one presented in Section 2. In particular instead of using m of the results in terms of scalar loop integrals FeynCalc 8.2.0 [66, 67] has been applied in one calculation and FormCalc 8.1 [68] in the other. The C++ library LoopTools 2.12 and 2.9 [68] , respectively, has been used for the numerical evaluation of the dimensionally regularized [69, 70] integrals.
Our numerical evaluation has been performed with the following input parameters. The fine structure constant α is taken at the Z boson mass scale [71] , The lepton masses are chosen as [71, 72] As we do not include CP violation the CKM matrix is real, with the CKM matrix elements given by [71] For the numerical analysis only those 2HDM parameter sets have been taken into account that have not yet been excluded by experimental and the most relevant theoretical constraints. These parameter points have been obtained by scans performed in the 2HDM parameter space with the tool ScannerS [76] . 9 It checks if the chosen CP-conserving vacuum represents the global minimum [77] , if the 2HDM potential is bounded from below [78] and if tree-level unitarity holds [79, 80] . The consistency with the electroweak precision constraints [81] [82] [83] [84] [85] [86] [87] is assumed to be fulfilled if the S, T and U variables [81] predicted by the 2HDM are within the 95% ellipsoid centered on the best fit point to the EW data. Loop processes with charged Higgs bosons induce indirect constraints that depend on tan β via the charged Higgs coupling to the fermions. They dominantly stem from B physics observables [88] [89] [90] and the measurement of R b [91] [92] [93] [94] . In our analysis we take the most recent bound of m H ± > ∼ 480 GeV for the type II and flipped 2HDM [62] . Note, that the results from LEP [95] and the LHC [96, 97] 10 require the charged Higgs mass to be above O(100 GeV) depending on the model type. For the check of the compatibility with the LHC Higgs data ScannerS uses the Higgs production cross sections through gluon fusion and b-quark fusion at NNLO QCD, which are obtained from an interface with SusHi [99] . The remaining production cross sections are taken at NLO QCD [73] , and the 2HDM Higgs decays are computed with HDECAY [100, 101] . The EW corrections are consistently neglected in the computation of these processes as they have not been provided for the 2HDM so far. The program HiggsBounds [102] [103] [104] is used for the check of the exclusion limits and HiggsSignals [105] is used to test the compatibility with the observed signal for the 125 GeV Higgs. Further details can be found in [106] . All results shown in the following analysis are for the 2HDM type II.
For the numerical analysis we exploit three different sets of parameter points that are distinguished with respect to their Higgs spectra but that all fulfill the above listed experimental and theoretical constraints:
(i) The parameter sets are chosen such that the decay H → hh is kinematically possible, hence
(ii) The parameter sets are chosen such that the decay H → hh is kinematically possible. Additionally, we require the heavy Higgs boson masses to maximally deviate by ±5% from M , with M 2 ≡ m 2 12 /(s β c β ). We hence have
In these scenarios the non-SM Higgs bosons are approximately mass degenerate and of the order of the Z 2 breaking scale.
(iii) The conditions for the parameter sets chosen here are that both the decay H → hh and the decay H → AA are kinematically possible, i.e.
As we have seen in subsection 4.1 the decay H → hh depends through the Higgs self-coupling λ Hhh on both mixing angles α and β and on the soft Z 2 breaking parameter m 2 12 . This process hence allows us to study the numerical stability of the renormalization schemes for the mixing angles but in particular also of the mass parameter m 2 12 . The possible renormalization schemes for the angular counterterms are denoted as follows,
on-shell tadpole-pinched, δβ (1) ('c') or δβ (2) ('o') .
(5.69)
As explained above, the process-dependent renormalization for α proceeds through the decay H → τ τ and the one for β exploits A → τ τ . In the tadpole-pinched schemes, p or pOS, β can be renormalized through the charged sector, with the counterterm denoted by δβ (1) , or through the CP-odd sector, with the counterterm given by δβ (2) . For m 2 12 we adopt the two schemes proc : process-dependent via H → AA and MS :
modified minimal subtraction scheme .
We investigate the size of the NLO corrections by defining
This ratio measures the relative size of the NLO corrections compared to the LO decay width. We start by investigating the impact of the angular renormalization schemes on the NLO corrections to the Higgs-to-Higgs decays. To this end we show in Fig. 8 for all parameter sets of (i) the relative NLO corrections ∆Γ H→hh as a function of the LO width for all possible angular schemes defined in (5.69). For β both possible renormalization choices through the charged and through the CP-odd sector have been applied in the tadpole-pinched schemes. For δm 2 12 the MS scheme has been applied with the renormalization scale set to µ R = 2m h . As can be inferred from the plot, the relative corrections can be huge. Discarding the region for small LO widths, where ∆Γ H→hh diverges 11 , we have relative corrections of up to about 400% (not shown in the plot) in the process dependent scheme and of up to about 200% for the tadpole-pinched schemes. Note that we cut the plot at ∆Γ Hhh = −100% in order to avoid negative widths.
The appearance of huge corrections is not necessarily due to numerical instability. It is rather the non-decoupling effects, generically arising in the 2HDM [32, 107] , that blow up the NLO corrections. This shall be explained in the following. For the decay H → hh being kinematically possible large enough H masses are needed. As can be read off from Eq. (2.23), heavy masses can either be obtained through a large mass parameter M or through the VEVs. They enter the mass relation with a coefficient proportional to a linear combination of the Higgs potential couplings λ i . In the decoupling limit we have c 2 φ M 2 f (λ i )v 2 , and the spectrum effectively consists of heavy Higgs bosons whose masses are given by the scale c φ heavy M independently of the λ i , and of one light resonance that represents the SM-like Higgs boson. The trilinear and quartic scalar couplings controlled by λ i are comparatively small and all loop effects due to the heavier Higgs bosons vanish in the limit m 2 φ heavy → ∞ because of the decoupling theorem [108] . This situation corresponds to the decoupling limit of the MSSM, where supersymmetry requires the couplings λ i to be replaced by the gauge couplings g and g and where heavy masses can only be obtained through a large mass scale M usually chosen to be the pseudoscalar mass M A . In the opposite case, the strong coupling regime, we have c 2 φ heavy M 2 < ∼ f (λ i ) v 2 for at least one of the non-SM-like Higgs bosons, and large mass values can only be obtained for large couplings λ i . The decoupling theorem does not apply and the radiative corrections of the heavy Higgs bosons develop a power-like behaviour in m φ heavy , also known as non-decoupling effects [109] [110] [111] [112] [113] [114] [115] [116] [117] [118] . They grow proportional to m 4 φ heavy [32, 107] . The huge corrections in Fig. 8 are due to this power law for scenarios with heavy non-SM Higgs bosons.
From the above discussion it becomes clear that for a meaningful discussion of the numerical stability of the different renormalization schemes we have to separate the two effects: huge corrections due to large couplings λ i and corrections that are blown-up due to numerical instability of the chosen renormalization scheme. We therefore investigate the relative NLO corrections for the parameter set (ii) where we require all non-SM heavy Higgs masses to lie within 5% around the mass scale M set by the soft Z 2 breaking mass parameter. In this limit, the loop effects of the heavy particles are expected to decouple. However, even if Eq. (5.67) is fulfilled, the decoupling does not necessarily take place. It is found to be impossible, in fact, in the limit s α+β → 1. This limit is referred to as the wrong sign limit as for the 2HDM type II (and F) it implies a relative minus sign in the couplings of the SM-like Higgs boson to down-type fermions with respect to its couplings to massive gauge bosons (and up-type fermions) [106, [119] [120] [121] . In Ref. [119] it was shown that non-decoupling properties inevitably arise for s β+α → 1 in the 2HDM. The non-decoupling of charged Higgs contributions in the loop induced hγγ coupling was also discussed in [12, 122, 123] .
In order to examine the non-decoupling properties of the loop contributions to H → hh we focus on the trigonometric relations relevant for the involved Higgs couplings. Two limiting cases are of interest, given by s β−α ≈ 1 and s β−α < 1. While s β−α → 1 corresponds to the SM limit, in the wrong sign regime significant deviations from this limit are still compatible with LHC masses are due to a large value of M , we observe huge relative corrections of up to 300% and larger. Note that in the plot we cut at -100% in order to avoid negative widths. Following our considerations on the decoupling behaviour of loop corrections in the SM-limit, we now divide our parameter points into those of the wrong sign regime, where s β+α ≈ 1, and those of the correct sign regime with s β−α ≈ 1. We used the sign of s α as discriminator between the two regimes, collecting the parameter sets with s α > 0 for the former and the ones with s α < 0 for the latter case. 12 This leads to Fig. 9 (right) which displays the relative corrections for the wrong sign regime and Fig. 10 for the correct sign regime. We show results for all applied renormalization schemes, discard points with small LO widths and cut at +300% and -100%, the latter to avoid negative widths. As expected, in Fig. 9 (right) , despite the fact that all heavy 2HDM Higgs masses have been chosen within 5% around M , the corrections can be huge, reaching up to 300% and larger (not shown in the plot). The plot shows that in the tadpole pinched schemes for the displayed parameter points 13 the relative corrections for all scenarios are within about -50% to -100%. In the process-dependent scheme we can have rather small corrections, but also huge corrections, exceeding largely those of the process-independent schemes. Large corrections as found for the tadpole pinched schemes are to be expected for significant coupling strengths as involved in the NLO diagrams here. This is confirmed by the explicit verification that in this non-decoupling regime the pure vertex corrections become large. The small corrections found for some scenarios in the process-dependent scheme are due to accidental cancellations between the various terms contributing at NLO and not because of more numerical stability in this renormalization scheme. This is why we observe here also huge corrections of up to 300% and beyond while this is not the case for the process-independent schemes. In order to be able to draw more conclusive statements on the numerical stability, corrections beyond the one-loop level would have to be calculated in this regime of strong coupling constants. This is beyond the scope of this paper.
Taking into account only scenarios in the correct sign limit, we are left with Fig. 10 , where we cut on scenarios leading to relative corrections beyond +300% and −100%, respectively, and discarded those with small LO widths. As explained above in detail, we are now truly in the decoupling limit. This is reflected by the plot. Since the involved trilinear couplings are not as large as in the wrong sign regime, for the process-independent renormalization schemes the relative NLO corrections have become considerably smaller as compared to the wrong sign case. Also of course, the LO widths are smaller. 14 Having excluded scenarios with enhanced corrections due to non-decoupling, we can now proceed to investigate the numerical stability of the applied schemes. Inspecting Fig. 10 (left) , we see that the corrections in the tadpolepinched schemes all lie between about -60 and +40%. The process-dependent renormalization on the other hand induces much larger corrections, of the order of up to 300% and larger. While again we can also have small corrections in the process-dependent scheme, this is due to accidental cancellations and not a sign of numerical stability. This statement is underlined by the fact that the corrections in this scheme can become huge as well, whereas in the processindependent schemes they do not exceed −60%. In Fig. 10 (left) we furthermore see a difference between the pOS and the p tadpole-pinched scheme. For small LO widths the relative NLO corrections in the p tadpole-pinched scheme increase more quickly. This behaviour can be traced back to the appearance of the top resonance in the G 0 A self-energy encountered in the β renormalization through the CP-odd Higgs sector, i.e. in δβ (2) . For masses m 2 A /2 = 4m 2 t the diagram shown in Fig. 11 becomes resonant. This requires relatively light pseudoscalar masses of about 488 GeV. The tail of this effect is, however, still visible for masses up to m A ≈ 700 GeV. In the renormalization through the charged sector no self-energy diagrams with pure top loop contributions are encountered in the mixed G ± H ± self-energy so that the counterterm δβ (1) is not affected by the top resonance. Note furthermore that the counterterm δβ (2) in the pOS scheme would require A masses as low as 350 GeV to hit the top resonance. These are not included in set (ii) so that no resonant enhancement is visible in the pOS scheme. In Fig. 10 (right) we have excluded the p o renormalization of δβ from the plot. As expected all tadpole-pinched schemes now show the same behaviour. For scenarios with light pseudoscalar masses the β renormalization through the charged sector might therefore be preferable. From these investigations we furthermore conclude that the tadpole-pinched schemes are numerically stable and can hence be advocated as renormalization schemes for the mixing angles that are numerically stable, gauge independent and process independent. This confirms our findings of [18] in a process involving a coupling that has a complicated dependence on α and β so that the cancellation of huge tadpole contributions is non-trivial. Moreover, the plots show the good numerical behaviour of the MS scheme applied for δm 2 12 . Independently of the discussion with respect to numerical stability we have seen that also in the tadpole-pinched schemes the corrections can be significant due to non-decoupling behaviour of the corrections. In these cases clearly higher order corrections have to be included in order to make reliable predictions. This is beyond the scope of this paper.
We finalize the discussion of the angular counterterms by examining a specific scenario in the decoupling limit 15 . It is given by The chosen pseudoscalar Higgs mass is far above the top resonance so that no enhanced contributions in the p scheme are to be expected. Figure 12 displays the relative NLO correction to the decay H → hh for Scen1 as a function of the heavy Higgs boson mass m H for the renormalization of the mixing angles in the p and in the OS tadpole-pinched schemes. The angle β has been renormalized both through the charged and through the CP-odd sector. We do not include the numerically unstable process-dependent renormalization. The kinks in the curves which appear independently of the renormalization scheme at m H ≈ 781 GeV and 791 GeV (not visible in the plot) are due to threshold effects in the scalar two-point function B 0 appearing in the counterterms. They are given by the following parameter configurations and counterterms In the investigated mass range the LO width varies between 0.356 GeV at the lowest and 0.221 GeV at the highest m H value. As can be inferred from the plot, the relative corrections range between about -25% and +66% depending on m H and on the renormalization scheme. 15 The masses of A and H ± do not deviate by more than 5% from M . The heavy Higgs mass mH deviates by 5.7% at the lowest and by 20% at the highest mass value in the chosen range. The corrections are large, but not numerically unstable. Comparing the results in the p c and p o scheme and those of the pOS c and pOS o scheme, the remaining theoretical uncertainty due to missing higher order corrections can be estimated based on a change of the renormalization scheme for β. The p scheme is more affected by the change of the renormalization scheme and induces an estimated theoretical uncertainty which varies between about 17% and 9% from the lower to the upper m H range. The residual theoretical uncertainty can also be estimated from the scale change by comparing the pOS o with the p o scheme on the one hand and pOS c with the p c scheme on the other hand. In the lower mass range the β renormalization through the CP-odd sector suffers more from a change of the renormalization scale than the one through the charged Higgs sector. For the former the theoretical uncertainty is estimated to be about 20% here. At m H = 803 GeV for both schemes the uncertainties are similar with about 2-3%. Note that with growing m H the scenario departs more and more from the decoupling regime which is reflected in the increase of the NLO corrections.
So far we have used the renormalization scale µ R = 2m h in the MS renormalization of δm 2 12 . This scale choice is justified by Fig. 13 . It shows the relative NLO corrections for the parameter points of set (i) with m 2 12 MS renormalized at three different renormalization scales, given by µ R = m H , m h and 2m h . Scenarios with small LO widths have been discarded, and we have cut the relative negative and positive corrections at -100% and 300%, respectively. The angles have been renormalized in the OS tadpole-pinched scheme. As can be inferred from the plot, µ R = 2m h yields the smallest corrections and is hence the recommended scale among the three.
We now turn to the investigation of the process-dependent renormalization of m 2 12 . For this purpose we use the parameter points of set (iii) for which H → AA decays are kinematically allowed. Clearly, here we are not in the decoupling regime any more due to the mass hierarchy among the heavy non-SM Higgs bosons, so that large radiative corrections are to be expected. This is confirmed by Fig. 14 which shows the relative NLO corrections to the decay width H → hh as a function of the LO width for all points fulfilling condition (5.68) in accordance with the experimental and theoretical constraints. It compares the renormalization of m 2 through the process H → AA with the one in the MS scheme with µ R = 2m h . In both cases the mixing angles are renormalized in the pOS scheme. Due to the large involved couplings the corrections are found to be extremely large. In the MS scheme the corrections are restricted to values within about -300 and 150% discarding small LO widths. Corrections of this size can also be found in the process-dependent scheme, due to accidental cancellations among the various NLO terms. However, there are also scenarios yielding much larger relative corrections with values beyond 600% (not visible in the plot). In conclusion, the MS scheme is the preferable scheme for m 2 12 due to its better numerical stability that has been verified in the investigations in the decoupling regime. Again, of course, independent of the question of numerical stability, the overall large corrections also in the process-independent schemes call for the inclusion of higher order corrections that are beyond the scope of this paper.
Conclusions
We investigated the renormalization of the mass parameter m 2 12 , which softly breaks the Z 2 symmetry imposed on the 2HDM Higgs potential. The impact of the renormalization through the MS scheme and through a process-dependent definition via the decay H → AA was analyzed in the sample decay H → hh. While the process-dependent scheme cannot be tested in the decoupling regime and hence a statement on its numerical stability is prevented by huge radiative corrections, our analysis still indicates an unfavourable numerical behaviour of the process-dependent scheme when compared to the MS scheme. The latter behaves better in the regime where the loop corrections are dominated by strong coupling contributions and the higher order corrections are hence parametrically enhanced. Furthermore, it has proven good numerical properties in the decoupling limit. The Higgs decay into lighter Higgs pairs also gave us the opportunity to reconfirm the good properties found previously in the tadpole-pinched renormalization scheme for the mixing angles α and β. Based on our findings we propose for the renormalization of the 2HDM Higgs sector the application of the tadpole-pinched scheme for the mixing angles α and β and the MS scheme for m 2 12 . These schemes lead to manifestly gauge-independent counterterms, are process independent and numerically stable. In scenarios featuring light CP-odd Higgs bosons (m A < ∼ 700 GeV), the p o scheme is less preferable, due to the impact of the top resonance on δβ in this scheme.
